Chapter 10: Moments of Inertia




/Recap from last chapter: First moment of

an area (centroid of an area)

o The first moment of the area A with respect to the x-axis is given by (), = f 2 ydA

» The first moment of the area A with respect to the y-axis is given by Qy = f AT dA

e The centroid of the area A is defined as the point C of coordinates x and y, which satisfies the

relation
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 In the case of a composite area, we divide the area A into parts A, 4, A3 —

Atotal X = Z Az T Atotal Y = Z A% Yi
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Brief tangent about terminology: the term moment as we will use in this chapter refers to

different “measures’ of an area or volume.

® The first moment (a single power of position) gave us the centroid.
® The second moment will allow us to describe the “width.”

® An analogy that may help: in probability the first moment gives you the mean (the center of
the distribution), and the second is the standard deviation (the width of the distribution).




4 ™
Mass Moment of Inertia

Mass moment of inertia is the mass property of a rigid body that determines the torque T needed
for a desired angular acceleration (@) about an axis of rotation (a larger mass moment of inertia around
a given axis requires more torque to increase the rotation, or to stop the rotation, of a body about that
axis).

Mass moment of inertia depends on the shape and density of the body and is different around different

axes of rotation.

Torque-acceleration relation: T =] o az

Z

where the mass moment of inertia is defined as I,, = j Jo, r2dVv

Mass moment of inertia for a disk:
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4 .
Moment of Inertia

(or second moment of an area)

Moment of inertia is the property of a deformable body that determines the moment needed to

obtain a desired curvature about an axis. Moment of inertia depends on the shape of the body and may

be different around different axes of rotation. y
Y /;z\c
Moment-curvature relation: |M T | = P £ N
E: Elasticity modulus (characterizes stiffness of the deformable body) /// \\\
pP: curvature /// \
¢ The moment of inertia of the area A with respect to the g /// \\\ -
x-axis is given b o 2 , g4
SYROY I, = [ y°dA ( )
A’ B’
¢ The moment of inertia of the area A with respect to the YA
y-axis is given by 9 JA J
L, = f AL
e
® Polar moment of inertia /’i |

J=[,r*dA= [, (2 +y*)dA=1,+ I, 9 *
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Moment of inertia of a rectangular area y
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Polar moment of inertia of a circle
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4 | ™
Parallel axis theorem

* Often, the moment of inertia of an area is known for an axis passing through the centroid; e.g.,
x and )/’:
® The moments around other axes can be computed from the known I’ and I,

}; }.' !
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I, = | (y' +d,)" dA
dred
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= | 7 dA+2d, |y dA
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area J///,/ /
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I, = y T Ad, Note: the integral over y’
Jo=Jc+ A(di + d‘;) = Jc + Ad? ives zero _wheq done through
the centroid axis.
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Moment of inertia of composite

 Ifindividual bodies making up a composite body have individual areas 4 and moments of
inertia I computed through their centroids, then the composite area and moment of

Inertia is a sum of the individual component contributions.
e This requires the parallel axis theorem

e Remember:
* The position of the centroid of each component must be defined with respect to the same
origin.
e Itisallowed to consider negative areas in these expressions. Negative areas correspond to

holes/ missing area. This 1s the one occasion to have negative moment of inertia.
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From last chapter: Centroid position of the area below is given by
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Atotal Y — Z A'L Yi

Y =

412 + 6t2

Find the moment of inertia;

4¢% (3.5t) + 6t (1.5t) 23t
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Determine the moment of inertia for the cross-sectional

area about the x and y centroidal axes.

y
100 mm
200 mm
A
300 mm| e +— 250 mm
G I .

250 mm / e | 300 mm
200 mm | P |




e

Two channels are welded to a rolled W section as shown.
Determine the moments of inertia of the combined section

with respect to the centroidal x and y axes.

C8x11.5

Y




Axis X-X Axis F-¥
Area Depth  Widih — — — —
Deesipnation in® in. in. vt kin.  Win | Lymd ko ¥ in
¥ W18 x 761 29.3 182 1.0 | 1330 7.7 142 261
W Shapes = | W16 x 57 16.8 164 702 | TH8 6.72 431 160
{Wide-Flange Wid %38 1.2 141 B77 | 38y 5.87 267 158
Shapes) X—] Wa x 31 9.12 800 800 | 110 3.47 atl 202
¥
¥ S18 x 54.7% 16.0 180 600 | 801 7.07 07 LM
5 Shapes | s12xaLs gal | 120 500 | 217 4.83 933 L00
(American Standard |~ | S10x 254 745 | 100 468 | 123 4.07 B72  0.950
Shapes) 56 x 12.5 3.66 600 343 220 245 180 0702
X—i—xX
faun =
T
¥ C12 % 20.7f 608 | 120 2094 | 120 4.61 A86 0707 0.608
C Shapes N C10x 153 448 | 100 260 673 B.87 227 0711 0634
{ American Standard |cex11s 3.37 B.OO 226 2y all 131 0623 0572
Channels) Chx 8.2 2.39 600 192 131 23 0687 0536 0512
X—t+—xX
—_ q—f
L=
Y L6 x 6 x 1¢ 110 asd 179 186 | M4  LTO 186
. Laxdxd 3.7 M52 121 L8 552 121 118
_'L Laxaxd 144 12 0926 0836 | 123 0926 0.836
Anglas L6 xd x4 4.7 17.3 1ol 198 622 L4 098]
Lyxaxl 3.7 943 1M LT 255 0824 0.746
Laxaxd 119 L09 0983 0080 | 0300 0560 0487
X — X
0 |§
Y




Axds X-X Axis ¥-¥
Area | Depth Width L E ¥ I, K x
Diasignation mim® i mim 109 mm4 mm  mm 109t mm
W460 = 1134 14400 | 482 279 g 196 3.3 6.2
W Shapes W4L0 » 8% 10800 | 417 181 316 171 170 408
(Wide-Flange W60 x 57.8 Ta30 | 388 17 160 149 11.1 30.4
Shapes) Wano = 46.1 mee0 [ =03 208 45,8 88,1 154 513
S460 x 514} 10300 | 457 1% 3% 180 562 200
5 Bhapes 5310 % 47.3 8010 | 308 197 20.3 123 388 284
{American Standard SN0 3 3T.8 4810 | 254 118 51.8 108 280 241
Shapes) S150 x 18.6 2360 152 84.6 .16 2.2 0749 17.8
Ca10 = 3084 2920 [ S0 T4.7 =37 117 161 =2 177
C Shapes CoN0 » 22,8 BEG0 254 B0 280 8.3 0048 181 161
{American Standard Ca00 = 17.1 2170 | 203 574 135 79.0 0545 158 145
Channels) G180 = 12,2 1540 182 45.8 mAY  HDd 0.2% 136 130
X
7
Y L1582 » 152 x 35.4 7100 14.7 455 472 | T 45n 478
L102 5 102 % 127 2420 290 807 800 240 307 300
—| T |— L76 5 T8 % .4 020 oMl2 @AM 212 0812 238  2Le
a L1 x 102 x 12.7 3060 720 485 503 259 2090 249
Angles L127 x 76 x 127 2420 398 401 442 106 209 189
L76 3 M1 % 6.4 TRE 0.4% 242 240 0162 14M 124
X
L




